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Analysis

Note:

1. Dimensions, properties and loading are given in consistent units in all problems.

2. All figures are drawn to scale.

Formulas

The deformation v-basic force q relation of a homogeneous, prismatic, 2d frame element is:
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where L is the element length, EA the axial stiffness, EI the flexural stiffness, ε0 an initial axial strain,
∆L0 a lack-of-fit, κ0 a uniform curvature field, and w a uniformly distributed transverse load.

The inverse relation between the basic forces q and the element deformations v of a homogeneous,
prismatic, 2d frame element is:
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The symbolic inverse of a 2x2 matrix M is

M =

[
M11 M12

M21 M22

]
→ M−1 =

1
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]
with det(M) = M11M22−M12M21
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1. Problem (50% weight)

The braced frame in Fig. 1(a) is subjected to a horizontal force of 30 units and a downward force of 60
units at node 3. The horizontal frame elements a and c have plastic flexural capacity Mp of 200 units,
while the vertical frame elements b and d have plastic flexural capacity Mp of 250 units. The frame
elements have very high plastic axial capacity Np. It is assumed that the presence of an axial force in
a frame element does not affect its plastic flexural capacity. The brace elements e and f have plastic
axial capacity Np of 20 units.

Fig. 1(b) shows the location of the plastic hinges at incipient collapse with a red (gray) filled circle for
the frame elements and a red (gray) dashpot for the braces. Specifically, these are located at both ends
of element a, at the right end (end j) of element c, at the base (end j) of element d, and in the brace
element e.
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Figure 1: Braced frame geometry and loading and plastic hinge locations at incipient collapse

You are asked to answer the following questions:

1. Determine the collapse load factor λc of the structural model under the given reference nodal forces
with the upper bound theorem of plastic analysis.

2. Confirm that there is a set of basic element forces that satisfy the equilibrium equations under the
nodal forces factored with λc without exceeding the plastic capacities of the elements.

3. Draw the bending moment distribution for the set of basic element forces from the preceding ques-
tion.
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2. Problem (50% weight)

The braced frame in Fig. 2(a) consists of 3 inextensible frame elements a, b, and c with flexural stiffness
EI = 80, 000 units and two brace elements d and e with axial stiffness EA whose value is missing.
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Figure 2: Braced frame under the action of nodal force Pv

Part A

You are asked to answer the following question:

1. Determine the value of the axial stiffness EA for the case that a downward vertical force Pv of 10
units at node 3 shown in Fig. 2(b) gives rise to an axial force of 13.373 units (tension) in element e
and to an axial force of -5.7141 units (compression) in element d.
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Part B

The model geometry and properties are the same as for Part A. Regardless of your answer for Part A
assume that the axial stiffness of the brace elements d and e is EA = 50, 000 units.
The brace frame is subjected to a downward vertical force of 40 units at node 2 and a downward vertical
force of 20 units at node 3, as Fig. 3 shows. In addition, the braces are prestressed but the value of the
initial prestressing force in each is missing.
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Figure 3: Braced frame with nodal forces and initial prestressing in the braces

You are asked to answer the following questions:

1. Determine the value of the initial prestressing force in the brace element d and the initial prestressing
force in the brace element e from the knowledge that the nodal forces in Fig. 3 give rise to an axial
force of 42.364 units (tension) in element d and to an axial force of -9.8763 units (compression) in
element e.

2. Determine the vertical translation at node 3 under the given loading.
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where L is the element length, EA the axial stiffness, EI the flexural stiffness, ε0 an initial axial strain,
∆L0 a lack-of-fit, κ0 a uniform curvature field, and w a uniformly distributed transverse load.

The inverse relation between the basic forces q and the element deformations v of a homogeneous,
prismatic, 2d frame element is:

q = kv + q0 with k =
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The symbolic inverse of a 2x2 matrix M is
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1. Problem (50% weight)

The structural model in Fig. 1 is subjected to a horizontal force of 20 units at node 3 and a downward
force of 40 units at node 5. The frame elements a, c and d have plastic flexural capacity Mp of 200
units, while the frame element b has plastic flexural capacity Mp of 240 units. The frame elements have
very high plastic axial capacity Np. It is assumed that the presence of an axial force in a frame
element does not affect its plastic flexural capacity .
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You are asked to answer the following questions:

1. Determine the collapse load factor λc of the structural model under the given reference nodal forces.

2. Draw the bending moment distribution at incipient collapse and supply the end moment values for
the frame elements.
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2. Problem (50% weight)

You are asked to establish the stiffness matrix K or the flexibility matrix F for the two vertical
translation DOFs of the propped cantilever with overhang in Fig. 2 to serve for the investigation of the
vibration properties of the structure with two lumped masses m. The propped cantilever has uniform
flexural stiffness EI.
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Figure 2: Propped cantilever with overhang

In the derivation of the stiffness or flexibility matrix for the two vertical translation DOFs you may find
the relations in Fig. 3 between an applied vertical force Pv or an applied moment M and the resulting
bending moment at the root of the propped cantilever helpful.
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Figure 3: Relations between Pv and M and the bending moment at the root of the propped cantilever
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where L is the element length, EA the axial stiffness, EI the flexural stiffness, ε0 an initial axial strain,
∆L0 a lack-of-fit, κ0 a uniform curvature field, and w a uniformly distributed transverse load.

The inverse relation between the basic forces q and the element deformations v of a homogeneous,
prismatic, 2d frame element is:

q = kv + q0 with k =
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1. Problem (50% weight)

The tied frame in Fig. 1 consists of an inextensible beam with flexural stiffness EI, two inextensible
columns with flexural stiffness EI, and a tie (truss) with axial stiffness EA.

� Under the application of a horizontal force Ph = 10 the axial force in the tie is 4.8544 units.

� Under the application of a vertical force Pv = 20 the axial force in the tie is 1.4563 units.
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Figure 1: Tied frame

You are asked to answer the following questions:

1. Determine the axial stiffness EA of the tie and the flexural stiffness EI of the beam and columns.

2. Discuss whether there are values of the axial stiffness EA that result in the same bending moment
value in absolute terms at the left and at the right beam-column joints under the horizontal force
Ph and under the vertical force Pv as separate load cases.
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2. Problem (50% weight)

The structural model of a cable-stayed bridge in Fig. 2 consists of three inextensible frame elements
a, b, and c, and the truss element d.

The frame elements have linear elastic, perfectly-plastic flexural response with flexural stiffness EI of
200,000 units and plastic flexural capacity Mp of 200 units. The frame elements have very high plastic
axial capacity Np. It is assumed that the presence of an axial force in a frame element does not
affect its plastic flexural capacity .

The truss element has linear elastic, perfectly-plastic axial response with axial stiffness EA of 40,000
units and plastic axial capacity Np of 40 units.

The structure is subjected to a downward nodal force of 40 units at node 2, as shown in Fig. 2.
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Figure 2: Cable-stayed bridge

You are asked to answer the following questions:

1. Determine the collapse load factor λc.

2. Draw the bending moment distribution M(x) at incipient collapse.

3. What is the change of the collapse load factor λc, if the truss element d is prestressed with a force
of 40 units?

4. What is the required prestressing force so that the incipient collapse state is reached in a single
event, i.e. that all hinges necessary for the formation of the collapse mechanism form at the same
time?
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